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RICCI ITERATION FOR COUPLED KA¨HLER-EINSTEIN METRICS
RYOSUKE TAKAHASHI
Abstract. In this paper, we introduce the “coupled Ricci iteration”, a dynamical
system related to the Ricci operator and twisted Ka¨hler-Einstein metrics as an ap-
proach to the study of coupled Ka¨hler-Einstein (CKE) metrics. For negative first
Chern class, we prove the smooth convergence of the iteration. For positive first
Chern class, we also provide a notion of coercivity of the Ding functional, and show
its equivalence to existence of CKE metrics. As an application, we prove the smooth
convergence of the iteration on CKE Fano manifolds assuming that the automorphism
group is discrete.
1. Introduction
Let X be an n-dimensional compact Ka¨hler manifold with λc1(X) > 0 (λ = ±1).
The problem of finding canonical metrics is one of the most active topics in Ka¨hler
geometry. Especially we will focus on the “coupled Ka¨hler-Einstein metrics” introduced
by Hultgren-Witt Nystro¨m [HN17]: for any integer k ∈ N, a k-tuple of Ka¨hler classes
(Ωi) is called a decomposition of 2piλc1(X) if
2pic1(X) = λ
k∑
i=1
Ωi.
Then we say that a k-tuple of Ka¨hler metrics ω = (ωi) (ωi ∈ Ωi) is coupled Ka¨hler-
Einstein (CKE) if it satisfies the equations
Ric(ω1) = . . . = Ric(ωk) = λ
k∑
i=1
ωi. (1.1)
Not that if k = 1, then ω1 is CKE if and only if ω1 is Ka¨hler-Einstein. Since this is a
system of elliptic partial differential equations, several classical methods are available
to construct solutions. Indeed, Hultgren and Witt-Nystro¨m [HN17] demonstrated that
a variational method can be used to prove existence of CKE metrics. On the other
hand, another common method, the continuity method was studied by Pingali [Pin18].
Examples of CKE metrics were studied on toric Fano manifolds by Hultgren [Hul17],
and Delcroix-Hultgren [DH18] in more general settings. Sasakian analogues were also
studied by Futaki-Zhang [FZ18]. Moreover, a moment map interpretation for CKE
metrics was established very recently by Datar-Pingali [DP19].
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2 R. TAKAHASHI
In this paper, we study a third approach, drawing some of its motivation from dy-
namical systems. For the moment, for any Ka¨hler form α, we consider the α-twisted
Ka¨hler-Einstein (TKE) metric
Ric(ω) = λ(ω + α),
which is also a variant of Ka¨hler-Einstein metrics, arises in various settings and have
been discussed exhaustively (for instance, see [CS16, Fin04, ST09]). The system of
equations (1.1) is equivalent to say that each ωi is the
∑
j 6=i ωj-TKE metric for i =
1, . . . , k. In order to gain more geometrical interpretations, it is interesting to study
relations between the both metrics using a dynamical system: for any given k-tuple of
Ka¨hler metrics ω0 := (ω0,i) with ω0,i ∈ Ωi, we define ω` := (ω`,i) (ω`,i ∈ Ωi, ` > 0; i =
1, . . . , k) according to the following evolution rule1:
ω`+1 =

ω`+1,1
...
ω`+1,i
...
ω`+1,k
 := I(ω`) :=

(Ric−λ Id)−1[λ∑j>1 ω`,j]
...
(Ric−λ Id)−1[λ(∑j<i ω`+1,j +∑j>i ω`,j)]
...
(Ric−λ Id)−1[λ∑j<k ω`+1,j]
 . (1.2)
So the Ka¨hler metric ω`+1,i is determined as the (
∑
j<i ω`+1,j +
∑
j>i ω`,j)-TKE metric,
and the motivation for the system (1.2) is to construct a solution to the CKE equation
(coupled Monge-Ampe`re equations) by repeatedly solving the TKE equations (single
Monge-Ampe`re equation). Another, perhaps more straightforward iteration is given by
ω`+1.i = (Ric−λ Id)−1
[
λ
∑
j 6=i
ω`,j
]
.
However, we will see later that (1.2) fits better into the variational framework for CKE
metrics. The well-definedness of the twisted inverse Ricci operator (Ric−λ Id)−1 in
each step is guaranteed provided the k-tuple (Ωi) admits CKE metrics (see Lemma 2.4
for more details). For instance, when k = 2, the iteration process is described by
Step 1 : Ric(ω1,1) = λ(ω1,1 + ω0,2), Ric(ω1,2) = λ(ω1,1 + ω1,2),
Step 2 : Ric(ω2,1) = λ(ω2,1 + ω1,2), Ric(ω2,2) = λ(ω2,1 + ω2,2),
Step 3 : Ric(ω3,1) = λ(ω3,1 + ω2,2), Ric(ω3,2) = λ(ω3,1 + ω3,2),
...
We would like to call (1.2) the coupled Ricci iteration. One can easily check that
stationary points of the iteration are exactly CKE metrics. Moreover, the iteration
(1.2) has a monotonicity property with respect to a certain energy functional on the
space of Ka¨hler metrics, which gives an intuition as to why this method works well
(cf. Proposition 3.3). The inverse Ricci operator as well as some twisted inverse Ricci
1We can consider the system (1.2) for λ = 0. However, in this case, the solution to the first step of
(1.2) is just the k-tuple of Calabi-Yau (Ricci-flat) metrics [Yau78]. So the iteration is accomplished in
one step.
RICCI ITERATION FOR COUPLED KA¨HLER-EINSTEIN METRICS 3
operators were introduced by Rubinstein [Rub08] and as a generalization to the system
(1.2). More precisely, he introduced some dynamical systems, so called the “time τ
Ricci iteration” as discretization of the Ka¨hler-Ricci flow, which was further studied
in [BBEGZ11, DR19]. Motivated by Rubinstein’s work, we would like to iterate the
twisted inverse Ricci operator. We emphasize that the system (1.2) does not reduce to
the Rubinstein’s one when k = 1 since in this case it reduces to
ω1,1 = (Ric−λ Id)−1(0),
and the process is accomplished in one step.
In [HN17], the authors prove that when λ = −1, any decomposition of −2pic1(X)
admits a unique CKE metric. So in this case, we can show convergence of the coupled
Ricci iteration without any extra assumptions:
Theorem 1.1. Let X be a compact Ka¨hler manifold with c1(X) < 0, (Ωi) a decompo-
sition of −2pic1(X) and ω0 = (ω0,i) a k-tuple of Ka¨hler metrics with ω0,i ∈ Ωi. Then
the coupled Ricci iteration ω` (1.2) starting from ω0 converges to the unique coupled
Ka¨hler-Einstein metric as `→∞ in the C∞-topology.
In Theorem 1.1, we used the uniqueness theorem [HN17, Theorem 1.3], while The-
orem 1.1 gives an alternative proof for existence based on the continuity (cf. Lemma
3.1) and strict monotonicity of the iteration map I (cf. Proposition 3.3).
However, in the λ = 1 case, the existence of CKE metrics is more subtle, and a
certain algebraic stability condition for CKE, generalizing K-polystability was intro-
duced in [HN17]. However, from the analytic point of view, existence of canonical
Ka¨hler metrics should have an equivalent formulation in terms of coercivity of certain
energy functionals. Thus we study this direction with the aid of the general framework
developed by Darvas-Rubinstein [DR15], and obtain the following:
Theorem 1.2. Let X be a compact Ka¨hler manifold with c1(X) > 0 and (Ωi) be a
decomposition of 2pic1(X). Then (X, (Ωi)) admits a coupled Ka¨hler-Einstein metric if
and only if the Ding functional D is JG-coercive.
These functionals are essentially just the summation of the corresponding functionals
for the k classes (Ωi). For the precise definition of functionals and coercivity, see Section
2.1. As an application, we also prove the smooth convergence of the coupled Ricci
iteration under restrictive assumptions on the automorphism group.
Theorem 1.3. Let X be a compact Ka¨hler manifold with c1(X) > 0 and discrete
automorphism group, (Ωi) a decomposition of 2pic1(X) admitting a coupled Ka¨hler-
Einstein metric. Then for any k-tuple of Ka¨hler metrics ω0 = (ω0,i) with ω0,i ∈ Ωi,
the coupled Ricci iteration ω` (1.2) starting from ω0 converges to the coupled Ka¨hler-
Einstein metric as `→∞ in the C∞-topology.
Fortunately, one has a uniform positive Ricci lower bound along the iteration, and
can use a Green function argument essentially due to Bando-Mabuchi [BM85] for the
C0-estimates. As is the case with the time τ Ricci iteration [DR19], we expect that the
assumption on Aut0(X) can be removed and convergence of the coupled Ricci iteration
holds in the C∞ Cheeger-Gromov sense.
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This paper is organized as follows. In Section 2, we recall some basic results for the
L1-Finsler geometry and functionals on the space of PSH potentials using the framework
by Darvas-Rubinstein [DR15]. We introduce JG-coercivity and prove Theorem 1.2. See
[HN17, Rub14] for a standard exposition on (coupled) Ka¨hler-Einstein metrics and
[Dar19, Rub18] for the exposition on Tian’s properness conjectures, which both give
a survey of [DR15]. We also discuss a Matsushima type decomposition and the well-
definedness of the twisted inverse Ricci operator (Ric−λ Id)−1. In Section 3, we study
some crucial properties for the iteration map I (cf. Lemma 3.1, Proposition 3.3). Then
we prove smooth convergence of the coupled Ricci iteration in the two cases λ = ±1
separately.
Acknowledgment. The author expresses his gratitude to Prof. Shigetoshi Bando for
helpful conversations and pointing out the formula (2.3). The author was supported by
Grant-in-Aid for JSPS Fellows Number 16J01211.
2. Preliminaries
2.1. L1-Finsler geometry and energy functionals on the space of PSH poten-
tials. Let X be a compact Ka¨hler manifold with λc1(X) > 0, ω0 a Ka¨hler metrics in a
Ka¨hler class Ω. First, we set
H := {φ ∈ C∞(X;R)|ωφ := ω0 +
√−1∂∂¯φ > 0}.
For a smooth curve α : [0, 1]→ H, the length of α is defined by
`1(α) :=
∫ 1
0
∫
X
|α˙(t)|ωnα(t)dt.
Then for any φ, ψ ∈ H, we define the L1-Finsler metric by
d1(φ, ψ) := inf{`1(α)|α : [0, 1]→ H is a smooth curve with α(0) = φ and α(1) = ψ}.
The Aubin-Mabuchi energy is defined by
AM(φ) :=
1
n+ 1
n∑
j=0
∫
X
φωjφ ∧ ωn−j0 .
Set also
H˜ := H ∩ AM−1(0).
Then the subspace H˜ is isomorphic to
K := {ωφ ∈ [ω0]|φ ∈ H}
via the natural correspondence φ 7→ ωφ. We use this isomorphism to endow K with a
metric structure, by pushing forward the L1-Finsler metric on H. The Aubin-Mabuchi
energy has an extension to PSH(X,ω0), the space of ω0-PSH functions given by
AM(φ) := inf{AM(ψ)|ψ ∈ PSH(X,ω0), ψ is smooth, ψ > φ}.
Then the finite energy class E1 is defined by
E1 := {φ ∈ PSH(X,ω0)|AM(φ) > −∞}.
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The Aubin-Mabuchi energy satisfies the scaling property AM(φ+c) = AM(φ)+[ω0]
n ·c
for all φ ∈ E1 and c ∈ R. The space E1 also arises as the completion of the metric space
(H, d1) [DR15, Lemma 5.2]. We define the functionals I, J on E1 as follows
J(φ) := − 1
[Ω]n
AM(φ) +
1
[Ω]n
∫
X
φωn0 ,
I(φ) :=
1
[Ω]n
∫
X
φ(ωn0 − ωnφ),
where ωnφ means the non-pluripolar product (cf. [BEGZ10]). These functionals are
comparable to each other as follows (cf. [BBGZ13, Section 2.1])
1
n+ 1
I(φ) 6 J(φ) 6 I(φ). (2.1)
Also under the AM-normalization, d1(0, ·) is equivalent to J (cf. [DR15, Lemma 5.11]):
1
C
J(φ)− C 6 d1(0, φ) 6 CJ(φ) + C, φ ∈ E1 ∩ AM−1(0). (2.2)
Next we work in the CKE setting. Let (Ωi) be a decomposition of 2piλc1(X) and
ω0 = (ω0,i) a k-tuple of Ka¨hler metrics with ω0,i ∈ Ωi. We take also a Ka¨hler form θ02
satisfying the Calabi-Yau equation [Yau78]
Ric(θ0) = λ
∑
i
ω0,i.
Applying the above constructions to each variable i, we obtain the corresponding spaces
and functionals (Hi, E1i , AMi, etc). For φ = (φi) ∈
∏
i E1i , we define
J(φ) :=
k∑
i=1
Ji(φi),
L(φ) := −λ log
∫
X
e−λ
∑
i φiθn0 .
Then the Ding functional introduced in [HN17] is given by
D(φ) := −
k∑
i=1
1
[Ωi]n
AMi(φi) + L(φ).
Also let ρi(φ) ∈ C∞(X;R) (i = 1, . . . , k) be the coupled Ricci potential uniquely deter-
mined by
Ric(ωφi)−
∑
j
ωφj =
√−1∂∂¯ρi(φ),
∫
X
eρi(φ)ωnφi = [Ωi]
n.
Then a direct computation shows that
δD|φ(δφ) = −
∑
i
1
[Ωi]n
∫
X
δφi(1− eρi(φ))ωnφi .
2The definition of θ0 is used only for a Green function estimate in the proof of Lemma 3.5.
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So the Euler-Lagrange equation of D is given by
ρ1(φ) = . . . = ρk(φ) = 0,
which is equivalent to say that φ is CKE.
Finally, we take account of the action of automorphisms Aut(X). Set G := Aut0(X),
the identity component of the automorphism group Aut(X). Then g ∈ G acts on K by
pullback. Given one-to-one correspondence between K and H, the group G also acts
on H, i.e. for any g ∈ G and φ ∈ H, g.φ is defined as the unique element in H˜ such that
g∗ωφ = ωg.φ. Then the G-invariant functional JG :
∏
i(E1i ∩ AM−1i (0)) → R is defined
as
JG(φ) := inf
g∈G
J(g.φ).
The functional JG plays a role of an exhaustion function on
(∏
i H˜i
)
/G.
Definition 2.1. We say that the Ding functional D is JG-coercive if there exists some
constants δ, C > 0 such that
D(φ) > δJG(φ)− C, φ ∈
∏
i
H˜i.
Since each (Hi, d1,i) is a metric space, the space
∏
iHi has a product metric
d1(φ,ψ) :=
∑
i
d1,i(φi, ψi).
We also set
d1,G(φ,ψ) := inf
f,g∈G
d1(f.φ, g.ψ), φ,ψ ∈
∏
i
H˜i.
Now we are ready to prove Theorem 1.2. The proof contains some overlap with the
Ka¨hler-Einstein case [DR15, Theorem 7.1].
Proof of Theorem 1.2. We want to apply the general theory for coercivity estimates
established in [DR15, Theorem 3.4] to the quadruple (
∏
i H˜i,d1,D, G). So we have
to check that the data (
∏
i H˜i,d1,D, G) satisfies (P1)–(P7) in [DR15, Hypothesis 3.2].
Let M be the set of minimizers of D on ∏i(E1i ∩ AM−1i (0)).
(P1) For any φ(0),φ(1) ∈ ∏i H˜i there exists a d1-geodesic segment [0, 1] 7→ φ(t) ∈∏
i(E1i ∩ AM−1i (0)) for which t 7→ D(φ(t)) is continuous and convex on [0, 1].
For any φ(0),φ(1) ∈ ∏i H˜i, we take a k-tuple of C1,1-geodesic segments φ(t) :=
(φi(t)) connecting φ(0) with φ(1). Clearly, the segment φ(t) satisfies the midpoint
property, and hence is d1-geodesic in
∏
i(E1i ∩ AM−1i (0)). Moreover, since
∑
i φi(t)
is a PSH(
∑
i ω0,i)-subgeodesic, we can apply Berndtsson’s convexity theorem [Ber15,
Theorem 1.1] to conclude that t 7→ D(φ(t)) is continuous and convex on [0, 1].
(P2) If φm = (φm,i) ∈
∏
i(E1i ∩ AM−1i (0)) satisfies
lim
m→∞
D(φm) = inf∏
i(E1i ∩AM−1i (0))
D, d1(0,φm) 6 C,
then there exists an element φ ∈M and a subsequence {φmr}r d1-converging to φ.
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Since d1(0,φm) 6 C, it follows from [Dar14, Corollary 5.8] and (27) in [DR15]
that | supX φm,i| 6 C. So by taking a subsequence, we have φm → φ = (φi) ∈∏
i PSH(X,ω0,i) in L
1 (cf. [Dem12, Proposition I.4.21]). Since AMi is upper semi-
continuous, we have
0 = lim sup
m→∞
AMi(φm,i) 6 AMi(φi) 6 [Ωi]n · lim sup
m→∞
sup
X
φm,i 6 C.
This shows that φ ∈ ∏i E1i . Next we show that L(φm) → L(φ). Applying |ea − eb| 6
|a− b|(ea + eb) (for a, b ∈ R) and the Ho¨lder inequality, we have∣∣∣∣ ∫
X
(e−
∑
i φm,i − e−
∑
i φi)θn0
∣∣∣∣ 6 ∫
X
∣∣∣∣∑
i
φm,i −
∑
i
φi
∣∣∣∣(e−∑j φm,j + e−∑j φj)θn0
6
∫
X
∑
i
|φm,i − φi|(e−
∑
j φm,j + e−
∑
j φj)θn0
6
∑
i
‖φm,i − φi‖L2(X,θn0 )(‖e−
∑
j φm,j‖L2(X,θn0 )
+ ‖e−
∑
j φj‖L2(X,θn0 )).
Then the fundamental inequality |a − b|2 6 C|ea − eb| (for a, b > 0) together with
the semi-continuity theorem [DK01] yields that the first term converges to zero. On
the other hand, since φm,φ ∈
∏
i E1i , AMi(φm,i) = 0 and | supX φm,i| 6 C, Skoda’s
(uniform) integrability theorem [Zer01] assures that∫
X
e−pφm,iθn0 6 C,
∫
X
e−pφiθn0 6 C
for all i and p > 0. Thus by the Ho¨lder inequality, we find that ‖e−
∑
j φm,j‖L2(X,θn0 ) and
‖e−
∑
j φj‖L2(X,θn0 ) are uniformly bounded. Eventually, we obtain
lim
m→∞
D(φm) > −
∑
i
1
[Ωi]n
lim sup
m→∞
AMi(φm,i) + L(φ) > D(φ).
This shows that φ ∈∏i E1i is a minimizer of D. Finally, since the equality holds in the
above, we have ∑
i
1
[Ωi]n
lim sup
m→∞
AMi(φm,i) =
∑
i
1
[Ωi]n
AMi(φi).
By using the upper semi-continuity lim supm→∞AMi(φm,i) 6 AMi(φi) again, we have
lim supm→∞AMi(φm,i) = AMi(φi) for each i. Taking a further subsequence, we obtain
limm→∞AMi(φm,i) = AMi(φi). This together with the L1-convergence φm → φ and
[DR15, Lemma 5.1 (i)] yields that d1(φm,φ)→ 0 and φ ∈
∏
i(E1i ∩AM−1i (0)) as desired.
(P3) M⊂∏i H˜i.
This is [HN17, Theorem 2.9].
(P4) G acts on
∏
i H˜i by d1-isometries.
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This follows from [DR15, Lemma 5.9].
(P5) G acts on M transitively.
This is [HN17, Theorem 1.5].
(P6) If M 6= ∅, then for any φ,ψ ∈∏i H˜i there exists g ∈ G such that d1,G(φ,ψ) =
d1(φ, g.ψ).
Suppose φ = (φi) ∈
∏
i H˜i is a CKE metric. Thanks to Lemma 2.2, if we set
K := Iso(X,ωφ1) = . . . = Iso(X,ωφk), then the pair (G,K) satisfies the assumption in
[DR15, Proposition 6.2], which is needed to apply [DR15, Proposition 6.8]. In addition
to this, we have to check the following conditions (i)-(iii):
(i) By the definition of K, we have K.φ = φ.
(ii) For each V ∈ Lie(K) and geodesic ray exp(tJV ).φi, we can use the same argument
as in the proof of [DR15, Theorem 7.1], and show that exp(tJV ).φ is a d1-geodesic.
(iii) For any fixed ψ = (ψi),ϕ = (ϕi) ∈
∏
i H˜i, the continuity of the map G × G 3
(f, g) 7→ d1(f.ϕ, g.ψ) follows from the continuity of G × G 3 (f, g) 7→ d1,i(f.ϕi, g.ψi)
for each i (see the proof of [DR15, Theorem 7.1]).
(P7) For all φ,ψ ∈∏i H˜i and g ∈ G, D(ψ)−D(φ) = D(g.ψ)−D(g.φ).
By the definition of D, the functional D can be written as the following path-integral
D(φ) =
∑
i
1
[Ωi]n
∫ 1
0
∫
X
φ˙i(t)e
ρi(φ(t))ωnφi(t)dt,
where φ : [0, 1] → ∏i H˜i is a smooth path with φ(0) = 0 and φ(1) = φ. From the
normalization of ρi(φ), one can easily check that g
∗ρi(φ) = ρi(g.φ) for all g ∈ G and
φ ∈ ∏i H˜i. Thus the functional D is a path-integral of the G-invariant closed 1-form∑
i
1
[Ωi]n
∫
X
· eρi(φ)ωnφi on
∏
i H˜i. Hence we have
D(ψ)−D(φ) = D(g.ψ)−D(g.φ)
for all φ,ψ ∈∏i H˜i and g ∈ G.
With all these observations, we have shown that D is d1,G-coercive, i.e. there exist
constants δ, C > 0 such that
D(φ) > δd1,G(0,φ)− C.
Finally, this is equivalent to JG-coercivity by (2.2). 
2.2. Matsushima’s type decomposition.
Lemma 2.2 (See also Corollary 1.6 in [HN17]). Let X be a compact Ka¨hler manifold
with c1(X) > 0, and (Ωi) a decomposition of 2pic1(X) admitting a coupled Ka¨hler-
Einstein metric ω = (ωi). Then we have
K := Iso(X,ω1) = . . . = Iso(X,ωk), (2.3)
and G = KC. In particular, G is reductive.
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Proof. For any g ∈ Iso(X,ω1). we have
ω1 + g
∗
(∑
i>1
ωi
)
= Ric(g∗ω1) = Ric(ω1) = ω1 +
∑
i>1
ωi.
This shows that g∗
(∑
i>1 ωi
)
=
∑
i>1 ωi. Thus
Ric(g∗ω2) = g∗ω1 + g∗
(∑
i>1
ωi
)
=
∑
i
ωi = Ric(ω2).
From the uniqueness of Calabi-Yau solution [Yau78], we know that g∗ω2 = ω2 and hence
g ∈ Iso(X,ω2). Similarly, we can show that all Iso(X,ωi)’s coincide.
For any g ∈ G, g∗ω is also CKE. By [HN17, Theorem 1.5] and the proof therein, there
exists a real holomorphic vector field V which generates a one-parameter subgroup ft
such that g∗ω = f ∗1ω. We set f
∗
t ω = ω0 +
√−1∂∂¯φ(t) for φ : [0, 1] → ∏iHi. Since
H0,1(X) = 0, we have iVω =
√−1∂¯φ˙(t). This shows that JV is ωi-Killing for all
i = 1, . . . , k. Hence ft ∈ KC. On the other hand, since f1 ◦ g ∈ K, we obtain
g = f−11 ◦ f1 ◦ g ∈ KC as desired. 
2.3. Twisted Ka¨hler-Einstein metrics. In this subsection, let X be a compact
Ka¨hler manifold and α0 a Ka¨hler form with λc1(X) − [α0] > 0. We take a reference
Ka¨hler metric ω0 ∈ λc1(X)− [α0] and set
Hω0 := {φ ∈ PSH(X,ω0)|ωφ := ω0 +
√−1∂∂¯φ > 0},
Hα0 := {ψ ∈ PSH(X,α0)|αψ := α0 +
√−1∂∂¯ψ > 0}.
Lemma 2.3. Assume that there exists a pair (φ, ψ) ∈ Hω0 × Hα0 satisfying the αψ-
twisted Ka¨hler-Einstein equation:
Ric(ωφ) = λ(ωφ + αψ). (2.4)
Then for any ψ˜ ∈ Hα0, there exists a unique αψ˜-TKE potential φ˜ ∈ Hω0 up to additive
constants. In particular, the twisted inverse Ricci operator
(Ric−λ Id)−1 : Hα0 ∩ AM−1(0)→ Hω0 ∩ AM−1(0)
given by ψ˜ 7→ φ˜ is well-defined.
Proof. In the λ = −1 case, one can show the existence as well as the uniqueness with
a slight modification to the original arguments [Aub76], so we omit the proof. In the
λ = 1 case, the uniqueness follows from [Ber15, Theorem 7.1] since the strict positivity
of αψ yields that any holomorphic vector field V satisfying iV αψ = 0 must be zero. As
for the existence, one can show using continuity method along the path {φt} ⊂ Hω0 :
Ric(ωφt)− αψ˜ = (1− t)ω0 + tωφt , t ∈ [0, 1]. (2.5)
We can solve (2.5) for t = 0 due to the Calabi-Yau theorem [Yau78], while for t ∈ (0, 1],
the solvability of (2.5) depends only on the classes ([ω0], [α0]), which was observed in
[Sze`11] when αψ˜ = 0, but the proof carries over essentially verbatim to the general
case. 
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Remark 2.4. For any ψ ∈ Hα0, αψ-TKE metrics are strictly unique, whereas the CKE
metrics are not when G is non-trivial. Even in this case, the above lemma assures that
the coupled Ricci iteration (1.2) is well-defined.
3. Coupled Ricci iteration
3.1. General case. Let X be a compact Ka¨hler manifold and (Ωi) a decomposition of
2piλc1(X). In what follows, we always assume that the Ding functional D is J-coercive
(in particular, which forces G to be trivial). We note that in the λ = −1 case, the
coercivity of D was essentially shown in [HN17]. We start with the following lemma:
Lemma 3.1. The iteration map I : ∏i H˜i → ∏i H˜i admits a unique d1-continuous
extension I : ∏i(E1i ∩ AM−1i (0))→∏i(E1i ∩ AM−1i (0)).
Proof. For φ = (φi) ∈
∏
i H˜i, we set ψ := I(φ) = (ψi) ∈
∏
i H˜i, i.e. ψi satisfies
Ric(ωψi) = λ
(∑
j6i
ωψj +
∑
j>i
ωφj
)
= λ
(∑
j
ω0,j +
√−1∂∂¯
(∑
j6i
ψj +
∑
j>i
φj
))
= Ric(θ0) + λ
√−1∂∂¯
(∑
j6i
ψj +
∑
j>i
φj
)
.
Since Ric(ωψi)− Ric(θ0) = −
√−1∂∂¯ log(ωnψ/θn0 ), we find that ψ satisfies the following
coupled Monge-Ampe`re equation
ωnψi
[Ωi]n
=
e−λ(
∑
j6i ψj+
∑
j>i φj)θn0∫
X
e−λ(
∑
j6i ψj+
∑
j>i φj)θn0
. (3.1)
The equation (3.1) can be extended for all elements φ,ψ ∈ ∏i(E1i ∩ AM−1i (0)) in
a weak sense (as an equation for measures), and each solution is characterized as a
unique minimizer of the Ding functional restricted to a slice of
∏
i(E1i ∩ AM−1i (0)):
Di :
∏
j<i
{ψj} × (E1i ∩ AM−1i (0))×
∏
j>i
{φj} → R, i = 1, . . . , k.
Indeed, we know that each Di is Ji-coercive since D is J-coercive. So we can construct
a minimizer ψi ∈ E1i ∩AM−1(0) as a limit point of any minimizing sequence of Di since
Di is lower semi-continuous and sublevel sets of Ji are weakly compact (cf. [BBGZ13,
Lemma 3.3]). As for the uniqueness in the Fano case, we first see that the RHS of
(3.1) is in Lp for p > 1 by Skoda’s integrability theorem. Thus any solution ψi to
(3.1) is bounded due to the Ko lodziej’s C0-estimate [Ko l03, Ko l05] (or the Alexandroff-
Bakelman-Pucci estimate [B lo05]). Then any two solutions ψi, ψ˜i can be joined by a
unique weak geodesic (or more pricisely, bounded geodesic) ψi(t) with ψi(0) = ψi and
ψi(1) = ψ˜i constructed by the Peron-Bremermann type envelope (cf. [Ber15, Section
2.2]). Since ψi and ψ˜i are a minimizer of Di and Di is convex along ψi(t), Di(ψi(t))
should be affine in t. Moreover, since e−(
∑
j<i ψj+
∑
j>i φj) is integrable, we can apply
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[Ber15, Theorem 7.1] to know that ψi(t) = gt.ψi for some one-parameter subgroup gt
generated by a holomorphic vector field, which should be identity from the assumption
that G is trivial.
Then one can prove in the same way as the proof of Theorem 1.2 (P2). Let us
consider a d1-convergent sequence φm = (φm,i) → φ∞ := φ in
∏
i(E1i ∩ AM−1i (0)) as
m→∞. Then each φm defines a slice of
∏
i(E1i ∩ AM−1i (0)):
Lm :=
{
(ϕ, φm,2, . . . , φm,k) ∈
∏
i
(E1i ∩ AM−1i (0))
∣∣ϕ ∈ E11 ∩ AM−11 (0)} ' E11 ∩ AM−11 (0).
Let ϕm (resp. ψ1) be a unique minimizer of D|Lm (resp. D|L∞) on E11 ∩ AM−11 (0). So
we have
D(ϕm, φm,2, . . . , φm,k) 6 D(ϕ, φm,2, . . . , φm,k)
for all ϕ ∈ E11 . In particular, we know that D(ϕm, φm,2, . . . , φm,k) 6 C, and hence
J1(ϕm) 6 C since D is J-coercive (in fact, the coercivity estimate holds on the d1-
metric completion
∏
i(E1i ∩ AM−1i (0)) by density [DR15, Remark 3.9 (ii)]). Thus we
also have d1,1(0, ϕm) 6 C by (2.2), and | supX ϕm| 6 C. So by taking a subsequence,
we obtain ϕm → ϕ∞ ∈ E11 in L1. The lower semi-continuity of D yields that
D(ϕ∞, φ2, . . . , φk) 6 lim inf
m→∞
D(ϕm, φm,2, . . . , φm,k)
6 lim inf
m→∞
D(ϕ, φm,2, . . . , φm,k)
= D(ϕ, φ2, . . . , φk) (3.2)
for all ϕ ∈ E11 . Put ϕ = ϕ∞, then we find that all of the above inequalities must be
equalities. In particular,
lim sup
m→∞
AM1(ϕm) = AM1(ϕ∞).
By passing to a subsequence, we get limm→∞AM1(ϕm) = AM1(ϕ∞), d1,1(ϕm, ϕ∞)→ 0
and hence AM1(ϕ∞) = 0. Next we put ϕ = ψ1 in (3.2) to know that ϕ∞ = ψ1 since ψ1
is a unique minimizer of DL∞ with AM1(ψ1) = 0, which also shows that convergence
d1,1(ϕm, ψ1) → 0 holds without taking subsequences. Thus we find that the unique
minimizer ψ1 of D1 depends d1-continuously on φ.
Similarly, we can check that the unique minimizer ψ2 of D2 depends d1-continuously
on φ. Repeating this argument, we find that the k-tuple ψ = I(φ) depends d1-
continuously on φ. 
Remark 3.2. For the later purpose, it is enough to show the continuity of the map
I with respect to the Cr,β-topology (β ∈ (0, 1)), which easily follows from the Implicit
Function Theorem. However, we believe Lemma 3.1 is of independent interest. In-
deed, Lemma 3.1 (together with Proposition 3.3) suggests that one can extend (1.2) to
a system defined on the larger space
∏
i(E1i ∩ AM−1i (0)), and ask if this possibly singu-
lar system converges in the d1-topology. For the time 1 Ricci iteration, such kind of
extension was studied in [BBEGZ11, Theorem 6.4].
Next we prove the following proposition, which plays a key role to prove convergence
of the coupled Ricci iteration:
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Proposition 3.3. The following statements hold:
(1) (Monotonicity) The Ding functional D :
∏
i(E1i ∩ AM−1i (0)) → R is decreasing
along the coupled Ricci iteration, i.e. we have
D(I(φ)) 6 D(φ) (3.3)
for all φ ∈∏i(E1i ∩ AM−1i (0)).
(2) (Strict monotonicity) The equality in (3.3) holds if and only if φ is CKE.
Proof. (1) We carry over the same notations from the proof of Lemma 3.1. Since ψ1 is
the minimizer of D1, we have D(ψ1, φ2, . . . , φk) 6 D(φ). By repeating this, we get
D(φ) > D(ψ1, φ2, . . . , φk)
> . . .
> D(ψ1, . . . , ψk−1, φk)
> D(ψ). (3.4)
(2) The “if part” is trivial since CKE metrics are exactly fixed points of the iteration
map I. Conversely, assume D(ψ) = D(φ). Then all the inequalities in (3.4) must be
equalities. From the uniquness of the minimizer of Di in each step, ψ should be equal
to φ, thus φ satisfies
ωnφ1
[Ω1]n
= . . . =
ωnφk
[Ωk]n
=
e−λ
∑
i φiθn0∫
X
e−λ
∑
i φiθn0
in a weak sense. By applying regularity theorem for CKE metrics [HN17, Theorem
2.9], we see that φ is CKE in the classical sense. 
For any initial data ω0 = (ω0,i) with ω0,i ∈ Ωi, we consider the coupled Ricci iteration
ω` = (ω`,i) = I`(ω0). Define potential functions φ`,i by
ω`,i = ω0,i +
√−1∂∂¯φ`,i.
Normalizing by constants, the function φ`+1,i satisfies the following sup-normalized
coupled Monge-Ampe`re equations:
ωnφ`+1,i
[Ωi]n
=
e−λ(
∑
j6i φ`+1,j+
∑
j>i φ`,j)θn0∫
X
e−λ(
∑
j6i φ`+1,j+
∑
j>i φ`,j)θn0
, sup
X
φ`,i = 0. (3.5)
Lemma 3.4. Let φ`,i be the solution of (3.5) and assume a uniform bound ‖φ`,i‖C0 6 C.
Then we have ‖φ`,i‖Cr 6 C for all r > 0. Moreover, we have the uniform equivalence
of Ka¨hler metrics
1
C
ω0,i 6 ω`,i 6 Cω0,i. (3.6)
Proof. (Uniform Laplacian estimates)
From the uniform bound ‖φ`,i‖C0 6 C and (3.5), we obtain
1
C
ωn0,i 6 ωn`+1,i 6 Cωn0,i.
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Combining with the fundamental inequality
Trω0,i ω`+1,i 6
1
(n− 1)!(Trω`+1,i ω0,i)
n−1ω
n
`+1,i
ωn0,i
,
we have
Trω0,i ω`+1,i 6 C(Trω`+1,i ω0,i)n−1. (3.7)
A standard computation shows that
∆`+1,i log Trω0,i ω`+1,i >
1
Trω0,i ω`+1,i
[
∆0,i log
ωn`+1,i
ωn0,i
−R0,i
]
− C1 Trω`+1,i ω0,i,
where R0,i is the scalar curvature of ω0,i, and ∆0,i (resp. ∆`+1,i) is the ∂¯-Laplacian with
respect to ω0,i (resp. ω`+1,i). A constant C1 only depends on a lower bound for the
bisectional curvature of the reference metric ω0,i (for instance, see [Rub14, Section 7]).
Using the equation (3.5), we obtain
∆`+1,i log Trω0,i ω`+1,i >
1
Trω0,i ω`+1,i
[
− λ∆0,i
(∑
j6i
φ`+1,j +
∑
j>i
φ`,j
)
− C2
]
− C1 Trω`+1,i ω0,i.
Now we deal with the two cases λ = ±1 separately.
(1) λ = −1 case. By using Trω0,i ω`+1,i = n + ∆0,iφ`+1,i, n + ∆0,iφ`+1,j > 0 and
n+ ∆0,iφ`,j > 0, the above can be reduced to
∆`+1,i log Trω0,i ω`+1,i > 1−
C3
Trω0,i ω`+1,i
− C1 Trω`+1,i ω0,i.
Thus subtracting ∆`+1,iφ`+1,i = n − Trω`+1,i ω0,i from the both sides and using the
Cauchy-Schwarz inequality
n 6 Trω0,i ω`+1,i · Trω`+1,i ω0,i,
we have
∆`+1,i(log Trω0,i ω`+1,i − Aφ`+1,i) >
(
A− C1 − C3
n
)
Trω`+1,i ω0,i − An
for a large constant A > C1 +
C3
n
. Then the maximum principle shows that at the
maximum point x̂ ∈ X of the function log Trω0,i ω`+1,i−Aφ`+1,i, we have Trω`+1,i ω0,i(x̂) 6
C4. The uniform bound of |φ`+1,i| 6 C together with (3.7) implies that Trω0,i ω`+1,i 6 C5
on X. By switching the role of ω0,i and ω`+1,i in (3.7), we obtain also Trω`+1,i ω0,i 6 C6.
(2) λ = 1 case. Take a constant B > 0 so that Bω0,i >
∑
i ω0,i, and put Φ :=∑
j6i φ`+1,j +
∑
j>i φ`,j to simplify notations. Since Φ is Bω0,i-PSH, we observe that
0 6 Bω0,i +
√−1∂∂¯Φ
6 Trω`+1,i(Bω0,i +
√−1∂∂¯Φ) · ω`+1,i
= (B Trω`+1,i ω0,i + ∆`+1,iΦ) · ω`+1,i.
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Taking the trace with respect to ω0,i implies that
∆0,iΦ
Trω0,i ω`+1,i
6 B Trω`+1,i ω0,i + ∆`+1,iΦ−
Bn
Trω0,i ω`+1,i
.
So by the Cauchy-Schwarz inequality, we can deduce that
∆`+1,i(log Trω0,i ω`+1,i + Φ) > −C7 Trω`+1,i ω0,i.
Subtracting ∆`+1,iφ`+1,i = n− Trω`+1,i ω0,i, we obtain
∆`+1,i(log Trω0,i ω`+1,i + Φ−Kφ`+1,i) > (K − C7) Trω`+1,i ω0,i −Kn.
for a large constant K > C7. Since Φ and φ`+1,i are uniformly controlled from the
assumption, we apply the maximum principle to conclude that Trω0,i ω`+1,i 6 C8, and
hence Trω`+1,i ω0,i 6 C9.
(Higher order estimates) The above estimates imply that the coupled Monge-
Ampe`re equations (3.5) are uniformly elliptic. We therefore apply the Evans-Krylov
estimate (cf. [Kry82, Wan12]) and obtain ‖φ`,i‖C2,β 6 C for each β ∈ (0, 1). Combining
with the Schauder theory and a standard bootstrapping argument, we obtain the higher
order estimates ‖φ`,i‖Cr 6 C for all r > 0. This completes the proof. 
3.2. For negative first Chern class. Let X be a compact Ka¨hler manifold with
c1(X) < 0. We start with the following a priori estimate:
Lemma 3.5. In the λ = −1 case, we have a uniform bound ‖φ`,i‖C0 6 C for all
i = 1, . . . , k.
Proof. We first make a few adjustment to φ`,i. Define a function ψ`,i so that
ω`,i = ω0,i +
√−1∂∂¯ψ`,i,
and
ωnψ`+1,i
[Ωi]n
= e
∑
j6i ψ`+1,j+
∑
j>i ψ`,j · θ
n
0
[θ0]n
, ψ0,1 = . . . = ψ0,k = 0. (3.8)
By the uniquness of solutions (cf. Lemma 2.4), two functions φ`+1,i, ψ`+1,i differ by a
constant. Since the function
∑
j6i ψ`+1,j +
∑
j>i ψ`,j is
∑
i ω0,i-PSH and Cθ0 >
∑
i ω0,i
for some C > 0, this is also Cθ0-PSH. Thus a Green function estimate together with
Jensen’s inequality implies that∑
j6i
ψ`+1,j +
∑
j>i
ψ`,j 6
1
[θ0]n
∫
X
(∑
j6i
ψ`+1,j +
∑
j>i
ψ`,j
)
θn0 + C
6 log
∫
X
e
∑
j6i ψ`+1,j+
∑
j>i ψ`,j · θ
n
0
[θ0]n
+ C
6 C,
where we used (3.8) in the last inequality. We therefore apply Ko lodziej’s C0-estimate
[Ko l03, Ko l05] to find that
oscX ψ`+1,i 6 C.
Since φ`+1,i is sup-normalized, we conclude that ‖φ`+1,i‖C0 6 C. 
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Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Since the Ding functional D is bounded from below and decreas-
ing along the iteration φ` = (φ`,i) (cf. Proposition 3.3 (1)), we have
lim
`→∞
D(φ`) =: m
without taking subsequences. On the other hand, the uniform estimates ‖φ`,i‖Cr 6 C
together with Ascoli-Arzela` theorem implies that by taking a subsequence, φ` converges
to some k-tuple of functions φ∞ = (φ∞,i) in the C
∞-topology. Moreover, the inequality
(3.6) assures that ω∞ := ω0 +
√−1∂∂¯φ∞ > 0. In order to show ω∞ is CKE, we
consider the metric I(ω∞), which, by continuity of I (cf. Lemma 3.1), also arises as a
limit point of the iteration ω`. Thus
D(ω∞) = D(I(ω∞)) = m.
So it follows from Proposition 3.3 (2) that ω∞ is CKE. Since the CKE metric is unque,
the C∞-convergence ω` → ω∞ in fact holds without taking a subsequence. This com-
pletes the proof. 
3.3. For positive first Chern class. Let X be a compact Ka¨hler manifold with
c1(X) > 0. We assume that the decomposition (Ωi) admits a CKE metric and G is
trivial, which is, by Theorem 1.2, equivalent to the J-coercivity of the Ding functional
D(φ) > δJ(φ)− C, φ ∈
∏
i
H˜i.
In the same way as in the λ = −1 case, the problem can be reduced to the C0-estimate
along the iteration. Indeed, this is possible assuming the existence of CKE metrics:
Lemma 3.6. Under the above assumptions, we have a uniform bound ‖φ`,i‖C0 6 C.
Proof. As in [Rub08], the idea is to use the uniform positive lower bound of the Ricci
curvature along the iteration. Applying the coercivity estimate to the iteration {ω`}
implies that
D(ω`) > δJ(ω`)− C.
From Proposition 3.3 (1), the LHS is uniformly bounded from above. Thus we have
the uniform bound J(ω`) 6 C. Now we consider the solution φ` = (φ`,i) to the sup-
normalized Monge-Ampe`re equation (3.5). Let G`,i (resp. ∆`,i) be the Green function
(resp. ∂¯-Laplacian) for ω`,i, and set
A`,i := − inf
(x,y)∈X×X, x 6=y
G`,i(x, y).
Since n+∆0,iφ`+1,i > 0 and n−∆`+1,iφ`+1,i > 0, a Green function estimate implies that
φ`,i − 1
[Ωi]n
∫
X
φ`,iω
n
0,i = −
1
[Ωi]n
∫
X
G0,i(x, y)∆0,iφ`,i(y)ω
n
0,i 6 nA0,i,
φ`,i − 1
[Ωi]n
∫
X
φ`,iω
n
`,i = −
1
[Ωi]n
∫
X
G`,i(x, y)∆`,iφ`,i(y)ω
n
`,i > −nA`,i.
Hence we have
oscX φ`,i 6 n(A0,i + A`,i) + Ii(φ`,i).
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The third term in the RHS is uniformly bounded from above by (2.1) and Ji(ω`,i) 6
J(ω`) 6 C. As for the second term, we can use [BM85, Theorem 3.2] and obtain
A`,i 6 c(n) · diam(X,ω`,i)
Vol(X,ω`,i)
since Ric(ω`,i) is non-negative. Indeed, along the iteration, we have a uniform lower
bound for the Ricci curvature Ric(ω`+1,i) =
∑
j6i ω`+1,j +
∑
j>i ω`,j > ω`+1,i. Moreover,
applying Myers’ Theorem, we find that
diam(X,ω`,i)
2 6 (2n− 1)pi2.
Thus we have the uniform upper bound for A`,i, and consequently we have ‖φ`,i‖C0 6
C. 
Proof of Theorem 1.3. We invoke Lemma 3.4 to obtain the higher order estimates for
φ`,i as well as the uniform equivalence of Ka¨hler metrics. Along the same line as in
the proof of Theorem 1.1, we can show the C∞-convergence to the unique CKE metric
ω` → ω∞ as `→∞. This completes the proof of Theorem 1.3. 
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